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ABSTRACT

We consider a system of “generalised linear forms” defined on a subset
x = (x;5) of R? by

dq a4
Li(z)(k) = gf;(x1j), -, Li@) (k) = > gfs(z;) €R, for k > 1,
j=1 Jj=1
where d = di + --- + d; and for each pair of integers (¢,5), 1 < ¢ < [,
1 < j < d; the sequence of functions (gf] (2))5, is differentiable on an

interval X;;. Then let
Xp(@) = {La(@)(k)}, -, {Lu(a) (R)}) € T,
for z in the Cartesian product X = ><li:1 X?iil Xi; C R?. Let R =
Iy X -+ x I; be a rectangle in T! and for each N > 1 let
VN(R)= > xr(X,()-X,(z)
1<n#m<N
and then define
An = sup {VN(R) — N(N —1)leb(R)}
RCT!
where the supremum is over all rectangles in T!. We show that for almost
every z € T? we have that
An = O(N(log N)®),

for appropriate a. Other related results are also described.
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0. Introduction

Consider a sequence of points Y, = (yl(cl)7 . ,y,(cl)), k € N, on the I-torus T! =
[0,1)!. We say that this sequence is uniformly distributed if for any rectangle

R=1 x---x I; ¢ T we have that

Card{lgkng:gkeR}
N

— leb(R), as N — +o0,

where leb(-) denotes the usual I-dimensional Lebesgue measure.

Another indication of the regularity of this sequence is if it satisfies the pair
correlation property. The study of pair correlations of eigenvalues is a familiar
tool in mathematical physics and other areas. In recent years, this quantity has
been used to augment the usual uniform distributional description of certain
natural sequences in the unit interval. More precisely, we can ask whether for
each s > 0

(0.1)
Card{l1<n#m< N: — <sN~¢

L N e Ll 2 (B0, a5 N b
for some fixed a > 0, where || - || is the usual euclidean norm on R’ and

Vol(B(0, s)) is the volume of the ball of radius s (i.e., on average the sN~¢
balls around points in the sequence typically contain N(N — 1)/ Vol(N ')
other points).

This property has been extensively studied in the particular case [ = 1. In
particular, Rudnick and Sarnak considered the sequence z, = {n*z}, n € N,
and showed that for almost every x € [0, 1) property (0.1) holds when o = 1.*
Rudnick and Zaharescu extended this result to sequences (axx), where ag, k > 1,
is a lacunary sequence. Finally, Berkes, Philipp and Tichy considered analogous
questions for more general sequences ay, (cf. [BPT, Proposition 4]).

In this note we shall present an extention of some of these results to higher
dimensions and more general classes of functions. This is formulated in terms
of general families similar to linear forms. More precisely, given a partition
d=dy + - -+ d; we can naturally relabel the coordinates

d
xr = (.rll,...,xldl,xgl,...,$2d2,...,$11,...,1}ldl) e R*.

* In fact, Rudnick and Sarnak showed a more precise result where « is diophantine
type.
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We can now consider a system of “generalised linear forms”

d
Li(zi,. g (k) = Y gt (),
=1

dy
Li(xi, ... m,) (k) = Zgzkj(fflj),
j=1

where for each pair of integers (i,7) with 1 < i <!l and 1 < j < d; the sequence
of functions (gfj (xi))22, is differentiable on the interval X;;. Then let

(0.2) Xi(z) = ({La(@) (0}, - - {La(z) (K)}) € T,

where {-} denotes the fractional part, for z in the Cartesian product X.

Example (I = 2, dy = do = 2): For sequences of integers a,(cl), e a,(:l), k>1,
and z = (21,...,74) € R* we could consider the sequence of points Xj(z) =
({a,(cl)zl + a,(f):rg}, {a,(:’):rg + a,(€4)z4}) € T?.

Let R=1, x --- x I; be a rectangle in T* and let us denote for each N > 1,

Vv(R)= Y xr(Xn(z) = Xm(2)),

1<n<m<N

the counting function for pairs whose differences lie in R. We then define a
measure of the discrepancy from the average

Ay = sup {Vy(R) — N(N — 1)leb(R)}
RCT!

where the supremum is over all rectangles in T!. Clearly, |[Ax| < N(N —1).

Definition: We define a class of differentiable functions (¢*(z))$2, defined on
the interval X = [a,b] which we call of Koksma type (K type) if

(i) z+— g™'(x) — g"' (), is monotone on X for m # n, and

(i) [¢™'(z) — g™ (x)] > K > 0 for all z in X.
We call K the Koksma constant of the family (g*(z))52;.

Examples: The following are simple examples of functions of K type.
(a) g"(x) = apx for any sequence of distinct integers (ay)$e, defined on T1;
(b) g*(z) = 2% (k=1,2,...), on any finite interval on (1, c0); and
(c) g*(z) = k* (k=2,3,...), on any finite interval on (1,00).
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Definition: We say the sequence (Xj(-))72, defined by (0.2) is of Type 1 if
for each (4,7), 1 <i < k,1 < j < d; the sequence of functions (gf; ()72, is of
K type on the interval X (7, j) with Koksma constant Kj ;.

THEOREM 1: Suppose (Xj(-))72, is of Type 1 and let € > 0. Then for almost
every z € R? we have that

An = o(N(log N)3ttte),

In particular, for any o < 1/I, we can choose R(s/N) = [-sN~% sN ]}
then we have the bound
Card{l<n#m<N:lly —y, || <sN"*}—Vol(B(0,sN~%))
N2-la

Ay
Syvzm 0
as N — +oo. In fact, the result is not necessarily true at this level of generality
with o = 1/1 (as we shall see in section 5), but on the other hand our result
holds in considerable generality.

We now examine a special case.

Definition: Consider the increasing sequences of integers (a;;(n))ne,, for
1 <i<land1 < j < d;. Suppose also that for distinct pairs (4,5) and

(i,5)

(0.3) #{a;j(n) :n>1}N{ayy(n):n>1} < co.
We associate sequences of linear forms Li(:)(k) : T% — R, for i = 1,...,1,
defined by

L'(z)(k) = an (k)zi1 + - + aig, (k) Tid, -
We again write X, = ({L1(2)(k)}, ..., {Li(z)(k)}) € T'. We say that (X;)22,
is of Type 2 if (0.3) holds.

Example: Consider a positive d X d matrix A > 0 with integer entries. Let
A" = (az;(n))¢;_, be the nth power. In particular, each entry a;;(n) € Z7 is a
strictly increasing sequence. Given a typical [ x d matrix x = (acij)ézljzl with
entries in T we associate a sequence X, (z) = ({Li(z)(k)}, ..., {Li(z)(k)}) € T,
k €N, by

d
Li(z)(k) = Zaij(k)zij'
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Let D = Id. For almost every x € TP the identity (0.1) holds for the sequence

THEOREM 2: Suppose (X (-))5, is of Type 2 and let € > 0. Then for almost
every x € R we have that

An = o(N(log N)tte),

When [ = 1, Theorem 2 reduces to a result in [BTP].

In the case d = 1 this can be strengthened under an additional hypothesis.
Suppose instead of being a sequence of distinct integers as in Theorem 2 we
assume that (a,)22, is a sequence of distinct reals such that for some real ¢ > 0
we have |ar — a;| > ¢ for each pair of distinct natural numbers j and k. Then
we say (Xi(-))p2, is of Type 3.

THEOREM 3: Suppose (X ()52, is of Type 3 and let € > 0. Then for almost
every x € R we have that

AN = o(N(log N)**°).

When [ = 1, Theorem 3 reduces to a result in [BTP] when ay, is integer.

It is unknown to the authors if Theorem 3 can be extended to higher dimen-
sions. In section 4 we will present an example which shows Theorems 1, 2 and 3
are, in some sense, near to best possible. Moreover, this example also shows that
property (0.1) established by Rudnick and Sarnak for sequences like a,, = n*
(n = 1,2,---) with integer k& > 1 does not extend to all strictly increasing
sequences of integers (a, )52 ;.

For each pair (i,7) with 1 <4 < k,1 < j < d; let (afy)52; be a strictly
increasing sequence of integers. We can let

gij(x)(k) = afj cos(afjac).

Also write .
Li(a)(k) = > gij(wiy) (k) (1<i<l)
j=1
and let Xi(z) = ({L1(z)(k)},...,{Li(z)(k)}). Then we say (Xi(-))72, is of
Type 4. Our final theorem is the following

THEOREM 4: Suppose (X (-))5, is of Type 4 and let € > 0. Then for almost
every = we have Ay (z) = o(N3/?(log N)!*3+¢).

Because its formulation is slightly more straightforward we shall prove
Theorem 2 in section 1 before we prove Theorem 1 in section 2. Because of
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its similarity to the proof of Theorem 2, the proof of Theorem 3 is only sketched

in section 1.

1. Proof of Theorem 2

We begin with some standard notation. Let R = I; x --- x I; be a rectangle in

T! (where I,...,I; C T are intervals). Given Y- Yy € T! we can denote
1 X
Dy = sup | = > xr(y;) —leb(R)|.
RCT4 N; !

We denote e(-) = exp(2mi-) and let (.,.) denote the standard inner product on
R!. The following result is standard (cf. [KN, p. 116]). Here and henceforth C,
possibly with subscripts, denotes a positive constant not necessarily the same
at each occurence.

LEMMA 1.1 (Erdés—Turan-Koksma—Sziisz inequality): There exists C; > 0

such that for any L > 1, and YooYy € T,

M 1
MDy <Ci| — —_—
< 1(L+ >
0<M(h)l§L
hez

) e(@,m‘)

1<i<M

where h = (h1,...,h;) € Z! and we denote

l
r(h) = [[max(1,[h]) and M(h) = max |h].
=1

1<i<l

We want to apply Lemma 1.1 with the M terms Y, replaced by N(N — 1)
terms X, (z) — X;(z) (with 1 <4 < j < N) to deduce that

N? 1
=@ <T i 0<M(h)<L @ 1<J¢Zk<N€(<ﬁ’ X]@) B Xk@m)
(1.1) ne! )
N? 1
S Cl (T + 0<M(h)<L T(ﬁ) ( 1;N€<<h, Kj (£)>) + ]\7))7

hez!

the last line coming from the trivial identity

N+ D> el X @))e(~

1<j#k<N

—~

h, X, (z))) =
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If we set L = 2K say, for some K > 1, we can use (1.1) to get the estimate
(1.2)

|  max = Ayldx
Td 2K-1<m<2K -

1
< oK —
— Cl< + Z T(ﬁ) /Tl‘d |:2K1111§a,’,).(<21<

0< M (h)<2K
hezl

Y ellh, X))

1<j<r

2
d§+2K]>.

To proceed we need the following estimate.

LEMMA 1.2: There exists Cy > 0 such that for any N > 1,

(1.3) / (max
Ta \ 1<n<N

uniformly in h = (hy,...,h;) € Z!

2
)C@Scﬂ\ﬁ

> ellh, X;(2)

1<j<n

Proof: This follows from a result of Fefferman and Sjélin (cf. [Nal, Cor. 12]),
which is in turn a multidimensional version of the Carleson-Hunt maximal in-
equality [2]. Their theorem states that there exists C5 > 0 such that whenever
f € L*(T?) has a Fourier expansion f(z) = Y, c7aane((n,z)) and if we write
n = (ni,...,ng) and denote by S, f(z) = Z\mli..,\ndlgn ane({n,z)) the trunca-
tion to a (2k + 1)-square, then we have the bound

(1.4) max|S.f(@)de < Co [ [f(@)Pdz.

Td k>0
We want to apply (1.4) to the function
N N £
(@)= e((hX;( Z <ZhL >Ze<zzhazz zu>
j=1 j=1 = j=1 Ni=1i=1

However, because of (0.3), there is little scope for cancellation in the exponential
and so N +O(1) Fourier coefficients are equal to 1 and all of the others are zero.
|

Applying (1.3) with N = 2K gives a bound on (1.2) of

(1.5) | max Am|d§§2K(C’1+(C’2+1) ) T(lﬁ)).

Td 2K-1<m<2K

To bound the term on the right hand side of (1.5) we need the following lemma.
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LEMMA 1.3: There exists C's > 0 such that for any L > 2,

1
— < Cs(log L.
Z o < C3(log L)

0<M(h)<L (—)
hezl

Proof: This follows from a combinatorial argument in [Nal]. Alternatively,
this follows directly by bounding the summation by the product of integrals

L
dr\!
(2+4/ —x) = (2+4logL).. ®
.o
Using Lemma 1.3 with L = 2Xto bound the right hand side of (1.5) gives

(1.6) . | po max Ay ldz < 2K(Cy + (Cy 4+ 1)C3(log 2)' K'Y < €25 K,
T m

for suitably large Cy > 0. Given € > 0, we define
E.={zeT%: Ay(z) > N(log N)***¢ for infinitely many N}.
We are now in a position to prove the following result.
LEMMA 1.4: For any € > 0, the set E. has zero Lebesgue measure.
Proof: 1If we denote, for each K > 1,
A ={z € T*: |maxyr 1 <o Am(z)] > 28 KHHY,
then one easily sees E. C (,—, Ux-, Ax. Using (1.6) we can bound

< de | ma,XQK—IS"L<2K Am|d£
- 2KKl+1+€

C2K K! _
< iR < Ok,

leb(AK)

for sufficiently large C5 > 0. In particular, we can now observe that

o0

D leb(Ak) < Y KUH) < 400,
K=1 K=1

It follows from the Borel-Cantelli lemma that leb(E,) = 0. |

In particular, Theorem 2 now follows from Lemma 1.4 above.

A similar argument can be used to prove Theorem 3. The only additional
ingredient is the estimate given in the following Lemma, taken from [MV] which
both replaces and generalises the role played by the Carleson-Hunt maximal
inequality in the proof of Theorem 2 for d = 1.
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LEMMA 1.5: Suppose we are given q > 0, real numbers (a,)N_, such that

Gn+1 — Gn > @, real numbers T and Ty with T' > 0 and complex numbers
(by)N_,. Then there exists C > 0 such that

To+T
/TO <1x<nya<xN Zb e(ant) >dt < C(T+ ?) ZlanIQ

n=1
2. Koksma sequences

For background to some of the ideas used in this section we refer the reader to
[C] and [Nal]. Let (Y:){2, be a sequence of measurable functions defined on a
measure space () and then write

Si= > Y, forj=12...
1<t<j
We can define
oY, (=8.-8,), forr<s,

r<t<s

and let M,, = sup;<,<,, |Sj|. We have the following elementary lemma.

LEMMA 2.1: For K > 1,

K+120-1
/MQK Jdw < (K +1) (Z Z / Yy o040 -0 (yg1)20 41— (w)dw).

=1 v=1

Proof: Suppose j < 2K+1. We can find h < K + 1 and write
h

(21) Sj = Zyiili+1v
i=1

where I; < l;11, with [; = 0 and [; € {p2E+D=1}2"1 for i =2 ... h—1, and
I, = j. Applying the triangle inequality to (2.1) we can write

h
(22) |S]| < Z |}/iili+1| forj=1,...,h

=1

Since the terms |Y, ;,.,| are positive we can apply the Cauchy-Schwartz in-

i+1

equality to bound

951> < (K +1) Zm L l? forj=1,...



228 R. NAIR AND M. POLLICOTT Isr. J. Math.

Taking a supremum over j implies for all n < 2K that

My = (sup |Si))* = sup |8

n

1<i<n 1<i<n
K+12-1
< (K+ 1)( Z Z |YU2(K+1)¢7(V+1)2(K+1)7:|2).
=1 v=1
Integrating both sides over 2 completes the proof. |

LEMMA 2.2: Let {¢1,...,9n} denote a finite K type defined on the interval X
with Koksma constant K. If we denote

* o ! 0

then we have
S (@) < KM log(3N).

1<j<<k<N
Proof: By hypothesis, for each pair of distinct natural numbers j, k& the
function g; (r) — gj() is monotone. In particular, we can find a permutation
m(1),...,m(N) of the set {1,..., N} such that if k > j,

I (i) (T) 2 Gy (@),
for all x € X. Thus, either

k-1
Tri) (@) = G5y (@) =D (9r(i1) (@) = (92(0) (@) > (k = K

i=j
or

(i), (i) = (k= J)K.

In particular,

Z (dy ;)" = Z (d;(k),w(j))_l

1<j<k<N 1<j<k<N
<K' > (k-j)7!
1<j<k<N

<K 'Nlog(3N). n

LEMMA 2.3: Suppose (gx(x))32, defined on the interval X = [a,b] is of K type.
For m # n set

* _ / o
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Then for h # 0, there exists C' > 0 such that

b
/ (g (@) — gu())h)da| <

Proof: Using the second mean value theorem there exist zo and zf in [a, b]
such that

/ab e((gm(@) = gn(ﬂf))h)dx' _

~ hd;

m,n

X

1 / A(elgm(z) = gale)) |

omi Im () — g5,(2)

1 “0 d(sin(gm () — gn(z)h)) ’ d(Sin(gm(I) gn(2)h .
=|2mh (/ @ —an@ ot / PROEYAD )d
1 o d(cos(gm () — gn(x)h)) . b d(cos(gm(ac) — gn(2)h)) "
" 2m (/ gl (a) — gl (a) a +/I/U 9 (0) — g,,(b) )d '

We can bound the last line by

v )
wh\|g(a) =g (@)l 1g5(b) — gn(0)]/°
Let h = (hi,...,h;) be an [-tuple in Z' and let
N 2
Ih(N):/ > e((Xn,h))| dz, for N €N
X n=1

LEMMA 2.4: For Ij,(N) defined above we have the bound

I, (N) << N(1 + (log N) ( > Jhl” 1)

ith; #0

Proof: 'We can expand

Nn:lN =
- /X 33 €K = X )
N nzvlmf
;7;/)(6(0( Xom, h))d

This means that

Ih(N)gC(N—i—Q > ’/Xe((Xm— X, h))dx

1<m<n<N

)
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By definition

[ et dxHH( . ellontiio - onlis .0 )y ).

1=17=1
Let
dmﬂhiJZ g}; |gm(l Ja ) g;(l,j,$)|
and set

d 1 ifh; =0
ot hdmnl_} lch#O
Using Lemma 2.3 we have that

Wy so(ve ¥ HH(d* ).

1<m<n<N i=1j=1 myn,i,j

Applying the arithmetic mean geometric mean inequality gives that

nmso(ve ¥ EZ(L( i)

1<m<n<N i=1 j=1 m 75,5

§C<N+ii > (F L ))

i=1 j=1 1<m<n<N  N0,]

Using Lemma 2.2 this gives

d;
el EEEY el 5 )

ith;7#0 j=1 i:h; #0

as required. |

LEMMA 2.5: For (X)), of Type 1, we have the bound

max
x \ 1<m<2K+1

Proof: 'We shall apply Lemma 2.1. Let Y; = e((X4, h)). Then Lemma 2.4 gives

2K+1—i1 3-2K+1—i
/ |XV2K+1 3 (l/Jrl 2K+1 7| dl‘ < C(2K+1 i + Z O|i(| ))
i:h; #0 v

ie((xj, h>)D2dm < C(K +1)%K+ (H(Kﬂ)i;o ﬁ)

So

201

Z/ |XV2K+1 i (1/+1)2K+1 i

dz<C<2K+1+log 3.2K+1) Z >
hi#0
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which proves Lemma 2.5. |

Using (1.2)

|  max Ay|dz
x 2K-1<m<2K

1
< oK —_—
< 01< X T /X LK@X@

0<M(h)<2K
hezl

2
‘@”KD’

Z e((h, X))

1<j<r

which, using Lemma 2.5, is

§c<2K+ > —1h (K+1)22K+1<K+ > |hl|>).

0<M(h)<2K r(h)

To proceed we need the following.

LEMMA 2.6: For h = (hy,...,h) € Z' and r(h), M(h) defined as in Lemma
1.1, then there exists C'3 > 0 such that

3 Lh( > |h—1z_|)scg<logL>l-1 (LeN).

0<M(h)<L 7’(_)

i:h; 7#0
hezl!

Proof:

sl X)X wlZ )

2R §2 N )

0<M(h)<2K T(h) i;éo |hl| U<JVM;)<2K T(h) i:h; #0 |hl|
nezl hewl/{o0}

where WF = {0,1,2,...,}*. If we denote {0,1,...,d} by [d], denote

{ec2ldl: #e =1} by 2£d] and set

r'(h) = Hézl max{1, h;);

this is
1 1
<C ,
- 2 « 7'(h) ( Z Ihil)
0<M(h)<2 i:h;#0
hewl/{0}
which is
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as required. Lemma 2.6 is proved. |

Lemma 2.6 immediately gives
l
Z < Xj,h>)

2
max dxr
x \ 2K-1<m<2K
J=

<ORK + (K +1)228 K 4 oK (K +1)3K!Y)
<< 2K K2,

The proof of Theorem 1 now follows by an argument analogous to that used to
prove Lemma 1.4. |

3. Oscilatory sequences

Again we need a series of Lemmas. The first is a quasi-orthogonality lemma
due to LeVeque [L].

LEMMA 3.1: For integers h(# 0), j and k (j # k) and a given interval [u, v]

K
’/ e(h(a; cosajz — ax cos(agz))dz| < o
We have the following essential two norm estimate.
LEMMA 3.2: For integer h # 0 we have
M+N 2
Jn(M,N) :/ > e(< X, h>)| dv < CN3/2,
X n=M+1
Proof: Straightforwardly we have
| Jn(M, N)| gc(N+ > ’/ e(< X — X, h >)dm).
M+1<m<n<M+4N /X
Also
‘ / e(< Xm — Xn, h >)dz
X
< I 115, / ( )e(am(z‘,j) c08(am (i, )i ;) —€(an (i, ) cos(an (i, )i ;) dw 5 |.
X (i,j
Let z7, ,;;=1if hj =0and z}, ,, ; ; = hjzmn,i; if h; # 0, where

Zm,n,i,j — |am(iaj) - an(iaj)|1/2 > |m - n|1/2'
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Thus

|Jh(M,N)|§0<N+ > Hé:lH;’-lil(z*1 ))-

M+1<m<n<N m,n,i,j

Using the arithmetic mean geometric mean inequality this is

|Jh(M,N)|§C<N+ > Zl:i(zl )>

M+1<m<n<N i=1 j=1 ~Mn%j

which is

§C’<N+ Z (nm)_1/2> < CN3/2,

M+1<m<n<M+N

as required. |
We also have the following lemma.

LEMMA 3.3: We have

l

max
x \ 1<m<2K+1 7
j=

2
)dac < Ck23K/2,

Z€(< Xj,h >)

Proof: Using Lemma 3.2 we see that

de S C(2K+17i)3/2.

/|YV2K+1—-L,(V+1)2K+1—-L
X

This means that

2'—1
Z/ Yigrcsios sty sns Pz < C23HD 291/
i=1 /X

and hence that

K4+12%—1
(K +1) Z Z / |YV2K+1—1'7(V+1)2K+1,,;|2d],' < C(K + 1)23(k+1)/2_
i=1 i=1 7X

Invoking Lemma 2.1 completes the proof of Lemma 3.3. |

We can now complete the proof of Theorem 4. Recall that

|  max A,|*dx
x  2K-T<m<2K
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[)e)

zm:e (< Xj,h>)

1
< oK —
_C( + Z T(h) /X, (1<m<2K+1 =

0<M(h)<2K

§0(2K+ > 1/r(h)K23K/2)

0<M(h)<2K

1
<9352k Z
C( ( r(h)))’
0< M (h)<2K

which, using Lemma 1.3, is

< 0K/,

The theorem now follows using this estimate and the argument used to complete
the proof of Theorem 1. |

4. Sharpness of Theorems 1, 2 and 3
The following is the standard Denjoy—Koksma Theorem (for d = 1).
LEMMA 4.1: Let f: T — R be a continuous function of bounded variation. For

any points (z;)¥.; C T we can bound

1 1
NZf(xj) —/O f(t)dt‘ <6V (f)D(x1,...,zN),

‘ N
j=1

where V(f) = sup(,, gvzl{Zfil |f(zi) = f(@im1)] 1 0=20 <21 < <ay =1}
Taking f(x) = e(x), Lemma 4.1 gives that

1<i#j<N

and with the choices X;(z) = ajz we get that

N
Ze(aj:r)

J=1

2
AN
< -
N_CN

and by the triangle inequality
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Let f(k) = v/logk; then we observe that

£) N N
e m < W 2 e

There exists a strictly increasing sequence of integers (ax) such that

N
. | 2 =0 cos(2ma;z)|
lim sup

Notoo  VNF(N)

As shown in [BP] this can be done with a sequence satisfying

Ak+1 1
P [ —
ak VE(log k)8

for some ¢ > 0. In particular, we see that

li An >0

imsup ———— a.e.

P N og N

In particular, Theorems 1, 2 and 3 cannot be improved much in general. |

5. A generalization

It is possible to extend these results from rectangles to certain types of more
complicated sets. Assume that (R;);2; is a collection of disjoint k-dimensional
rectangles in TF. Let us write

Ry = Jp1 X - X Jy g,

where each Jy; is a half open interval, open on the left and closed on the right.
We further assume that leb(R;) = O(a™"), for some a > 1. Consider the set
B =J;2, R:.

THEOREM 5.1: Given ¢ > 0, there exists Ny = Ny(e,d, B,€) such that for
N > No,
2 B (log N)2+d+e
’m Z XB(Xl—XJ)—leb(B)‘ —O(T), a.e

1<i#j<N
Proof:  For each N € N, we can write B = t(N) U s(N), where t(M) =
Ulgtgz(N) R; and t(M) = UtZz(N) Ry, where z(N) = log, N.

Let
(l-1)

K(B,l,z)= Y xs(Xi—X;)—
1<ij<l

leb(B).
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If | fll2 = (fx |f|2dz)*/? we see that

(5.1) Il max [K(EN), L)l 2 < 2(N)]] max Al
since
I(1—1)
K(t(N),Z,J)): Z XB(Xi_X_j)_ 1eb(B)
1<ij<=(N)

Following the lines of the argument of the previous section we note that

< d
I @%Azllz < CN(logN)

We also have the bound

|| max [K(s(N),l,2)|l|2

1<I<N
I(i—1)
B 122}5\7 2 1<;<1XS(N) (X; — X;) — leb(s(N)) .
I(i—1)
< 12225\7 5 1<;<1X5(N) (X: — Xj) , + leb(s(N))
N(N —1)
< D I (X = Xg)ll2 + ———leb(s(N)).
1<i#;j<l

LEMMA 5.2: Let Ry, := {z : X, — X5 € Ri}. Then leb(R;) if r # s and
Qg 75 Qijs for all ’L,_j

Proof: It is a simple exercise, repeatedly using the fact that for each integer
a # 0 the map x — {az}, and for any real y the map x — {x+y}, both preserve
Lebesgue measure on the unit interval, that | R, s ¢| = |R;| for each pair r, s with
r # s. This means that

1/2 B
sy (Xi = X2 = > < > IRz-,j,t|> +w1eb(N)

1<i£j<N N t>2(N)

1/2 _
< > (Z |Rt|) +w1eb(N).

1<i#j<N M t>2z(N)
Thus

NN 1) oo
(52) | max K(s(V), 1)l <~ s(N)[1/2
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Furthermore,

(5.3) s(N)| = > leb(Rp) << Y aF<<a™™.  n

t>z(N) t>z(N)

The above inequalities (5.1), (5.2) and (5.3) are sufficient to prove the
theorem. |

6. Discrepancy results

Using Lemma 1.1 directly instead of (1.1) the same methods lead to discrepancy
results. Let us denote, for each N > 1,

D(N,z) = D(X1(z),...,Xn(2)).

THEOREM 6.1: Suppose (Xn)F_, is defined Type 1. Given € > 0, we have the
bound
D(N,z) = O(N~Y2(log N)?/2+d+e) e

THEOREM 6.2: Suppose (Xn)3F_; is Type 1. Given B and € > 0, then there
exists N1 = Ni(e,d, B, z) such that for N > N; we have

N
1
‘N S x5(X;(z)) — leb(B)| = O(N~Y2(log N)P/2+), .
j=1
THEOREM 6.3: Suppose (Xn)¥_, is Type 2. Given € > 0, we have the bound

D(N,z) = O(N~Y2(log N)Y/2+d+e) - ae,

THEOREM 6.4: Suppose (Xn)3F_, is Type 2. Given B and € > 0, then there
exists Ny = Ni(e,d, B, x) such that for N > N; we have

N
1
‘N > xs(Xj(x)) —leb(B)| = O(N~/2(log N)*/>T4F<) ae.
j=1
THEOREM 6.5: Suppose (Xn)%_; is Type 4. Given € > 0, we have the bound

D(N,z) = O(N~Y4(log N)*/2+d+e)  ae.
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